Abstract. Let G = Sp 2n (C), and N be Kato's exotic nilpotent cone. Following techniques used by Bezrukavnikov in [5] to establish a bijection between Λ + , the dominant weights for an arbitrary simple algebraic group H, and O, the set of pairs consisting of a nilpotent orbit and a finite-dimensional irreducible representation of the isotropy group of the orbit, we prove an analogous statement for the exotic nilpotent cone. First we prove that dominant line bundles on the exotic Springer resolution N have vanishing higher cohomology, and compute their global sections using techniques of Broer. This allows to show that the direct images of these dominant line bundles constitute a quasi-exceptional set generating the category
where x ∈ O. Using geometric methods, in [5] , Bezrukavnikov shows that there is a canonical bijection between Λ + and O (a result that was previously conjectured by Lusztig and Vogan).
Now let G = Sp 2n (C), and N be Kato's exotic nilpotent cone, defined as follows:
The main purpose is to establish an exotic analogue of Bezrukavnikov's bijection, i.e. a bijection between Λ + , the dominant weights for G, and O, the set of pairs (O, L), where O is a G-orbit on N, and L is a finite-dimensional irreducible representation of the isotropy group G (v,x) of the orbit O, where (v, x) ∈ O.
The exotic nilpotent cone was originally introduced by Kato in [1] to study multi-parameter affine Hecke algebras, via the equivariant K-theory of the exotic Steinberg variety (following techiques used by Kazhdan, Lusztig and Ginzburg in the case of one-parameter affine Hecke algebras). The G-orbits on N are proven to be in bijection with Q n , the set of bi-partitions of n (and thus also with irreducible representations of the type C Weyl group). In [2] , Kato explicitly realizes this bijection via an exotic Springer correspondence; this correspondence is somewhat cleaner than the type C Springer correspondence since there are no non-trivial local systems on G-orbits in N.
In [3] , Achar and Henderson make precise conjectures describing the intersection cohomology of orbit closures in the exotic nilpotent cone. The work of Achar, Henderson and Sommers in [7] studies special pieces for N, which turn out to have the same number of F q points as Lusztig's special pieces for the ordinary nilpotent cone. These results all demonstrate a strong connection between the exotic nilpotent cone and the ordinary nilpotent cone of type C; the present work draws another parallel between the geometry of the exotic nilpotent cone N and the geometry of the ordinary nilpotent cone N of type C.
Below we describe the main results of paper in more detail.
Section 2:
After recalling some of the basic properties of the exotic nilpotent cone, and some results of Achar, Henderson and Sommers on resolutions of special orbit closures, here we study the cohomology of dominant line bundles on the exotic Springer resolution N. We closely follow the methods developed by Broer in [9] , [10] that prove analogous results in the case of the ordinary nilpotent cone N . Defining O N (λ) := p * O G/B (λ) where p : N → G/B is the projection, we first prove that H i ( N , O N (λ)) = 0 using a theorem of Grauert-Riemenschneider. By using the additivity of the Euler characteristic along with Borel-Weil-Bott, we then compute the structure H 0 ( N , O N (λ)) as a G-module.
Section 3: First we recall the theory of quasi-exceptional sets (following Section 2 of [5] ). Given a triangulated category C, two ordered set of objects ∇ = {∇ i |i ∈ I}, △ = {△ i |i ∈ I} are said to constitute a dualizable quasi-exceptional set if they satisfy certain conditions. From a quasi-exceptional set generating a category C, one obtains a t-structure on C whose heart is a quasi-hereditary category with simple objects also indexed by I.
] where π : N → N is the resolution of singularities. Then the main result is that ∇ = {∇ λ |λ ∈ Λ + } and △ = {∇ w 0 ·λ |λ ∈ Λ + } consitute a quasi-exceptional set generating D b (Coh G (N)). The results of Section 2 are needed to prove this claim.
Section 4: After recalling some of the theory of perverse coherent sheaves (developed by Deligne and Bezrukavnikov) , in this section we compare the t-structure constructed on D b (Coh G (N)) with the perverse coherent t-structure corresponding to the middle perversity. We first prove that ∇ λ is a perverse coherent sheaf for all λ ∈ Λ (this essentially follows from the fact that π : N → N is semi-small). We then deduce quasi-exceptional t-structure coincides with the perverse coherent t-structure. Since the simple perverse coherent sheaves are indexed by O, the bijection between simple objects and co-standard objects in the heart of the t-structure on
We remark that there are a few differences between the proof of the bijection O ↔ Λ + for N , and the bijection O ↔ Λ + for N. While the canonical line bundle on the Springer resolution N is trivial, the canonical line bundle on the exotic Springer resolution N is the anti-dominant line bundle O N (−ǫ 1 − · · · − ǫ n ). As a result, for the proofs in Section 3, we use the twisted Weyl group action on Λ, w · λ = w(λ + θ) − θ with θ = 1 2 (ǫ 1 + · · · + ǫ n ) instead of the ordinary action. Second, in the case of the ordinary nilpotent cone N , the proof that the image of the functor Rπ * : Lemma 7 in [5] ) uses the Jacobson-Morozov resolution of orbit closures in N . In the case of N, the resolutions of an arbitrary orbit closure O µ,ν are not yet known. However, resolutions of special orbit closures have been recently developed in [7] , and these are sufficient to prove the corresponding result in the case of the exotic nilpotent cone. It seems possible that there is an easier proof of this result without using the results of [7] .
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2. Geometry of the exotic nilpotent cone 2.1. Recollections. Here we recall the definition and basic properties of Kato's exotic nilpotent cone, following [1] and Section 6 of [3] . Definition 2.1. Let V be a 2n-dimensional C-vector space with a symplectic form ·, · , G = Sp(V) be the associated symplectic group, and g = sp(V) be the associated symplectic Lie algebra. Define s ⊂ gl(V) as below (note s ⊕ sp(V) = gl(V)):
If N denotes the set of nilpotent endomorphims in gl(V), we define the exotic nilpotent cone to be
Proposition 2.2. The orbits of G on N are in bijection with the poset Q n of bipartitions of n. Under this correspondence, given (µ, ν) ∈ Q n , the orbit O µ,ν consists of (v, x) ∈ N such that the Jordan type of x acting on the subspace E x v ⊂ V is µ ∪ µ, and the Jordan type of x acting on the quotient V /E x v is ν ∪ ν. Here E x denotes the centralizer of x in End(V), and for a partition λ = (λ 1 , λ 2 , · · · ), λ ∪ λ denotes the partition (λ 1 , λ 1 , λ 2 , λ 2 , · · · ). The closure ordering for G-orbits on N corresponds to the natural ordering on
Proof. We refer the reader to Theorem 6.1 of [3] and [1] for the statement regarding orbits; see also Corollary 2.9 in [3] and Theorem 1 in [4] . For the statement regarding orbit closures, see Theorem 6.3 in [3] .
After fixing a Cartan subgroup T ⊂ G and a Borel subgroup B ⊂ G, let (V ⊕ s) + ⊂ N denote the sum of the strictly positive weight spaces in the G-module V ⊕ s; note that it is a B-module. + , and let π : N → N be the map given by π(g, (v, s)) = (gv, gsg −1 ). Then π is a resolution of singularities; accordingly we call N the exotic Springer resolution.
2.2.
Resolutions of special orbit closures and some subvarieties of N. In this section, for each orbit O µ,ν (with (µ, ν) ∈ Q n ), using resolutions of "special" orbit closures constructed in [7] , we will construct a subvariety O µ,ν ⊂ N with a map π µ,ν : O µ,ν → O µ,ν whose fibres are acyclic. The need for this construction is to prove Lemma 3.13 (an exotic analogue of Lemma 7 from [5] ). We start by recalling Achar-Henderson-Sommer's construction of resolutions for "special" orbit closures from [7] ; for more details see Sections 2 and 5 of [7] .
Remark 2.4. We will use C-distinguished partitions in the following; alternatively one may use Bdistinguished partitions (see [7] ) instead.
is the poset of partitions of 2n with the natural order, let P C 2n ⊂ Q n denote the subposet consisting of partitions where each odd part occurs with even multiplicity. Define the map Φ C : Q n → P C 2n by sending the bi-partition (µ, ν) to the partition obtained from the composition (2µ 1 , 2ν 1 , 2µ 2 , 2ν 2 , · · · ) by replacing successive terms (2s, 2t) with (s + t, s + t) if s < t. Define also the map
2n , obtain the composition λ ′ by first halving any even parts, and replacing any string of odd parts (2k + 1,
. A λ-filtration (which we also refer to as a (µ, ν)-filtration) of V is a sequence of subspaces (V ≥a ) a∈Z , satisfying the following:
Proof. See Theorem 5.5 of [7] .
Definition 2.7. Fix a specific (v, x) ∈ O µ,ν , and the corresponding (µ, ν)-filtration (V ≥a ) a∈Z . Let P ⊂ G be the parabolic subgroup stabilizing this isotropic flag. Define:
Proposition 2.8. The image of the natural map
and this map
Proof. See Theorem 5.7 in [7] .
Note that the definition above of O (µ,ν) C , and the definition in Section 2.1 of N are not entirely canonical (they depend on choices of (v, x), and a Cartan T , respectively). This is slightly inconvenient as we now want to relate the two varieties; the easiest way to fix the problem is via the equivalent, canonical descriptions below.
Lemma 2.9. Let B ′ ⊂ P be a Borel subgroup. Proof. By construction, the fibres of θ µ,ν are the same as the fibres of the composite map
The second map has singleton fibres over O µ,ν by 2.8, and the first map has fibres
where L is the Levi subgroup of P . The cohomology vanishing for the structure sheaf follows from Borel-Weil-Bott.
Example 2.12. Let n = 6, µ = (1 3 ), ν = (3). Then replacing successive terms (2s, 2t) of the sequence (2, 6, 2, 0, 2, 0) with (s + t, s + t) if s < t, we have Φ
Proposition 2.8 now implies that the fibres of the map π µ,ν C :
To check this, it suffices to compute the fibre of π µ,ν C over the following point (v, x) ∈ O µ,ν :
is a single flag, as expected.
Vanishing higher cohomology of dominant line bundles on N.
Definition 2.13. Denote by p : N → G/B the natural projection. Let Λ + ⊂ Λ denote respectively the dominant weights, and weight lattice of G. For λ ∈ Λ + , let C λ be the 1-dimensional representation of B where the torus T acts by λ. Given a B-representation V , denote L G/B (V ) for the sheaf of sections of the vector bundle
In this section we will prove the following proposition, borrowing techniques developed by Broer in [10] . The corresponding statement for the nilpotent cone of a reductive group was originally proven in [9] using a different technique; and reproven in [10] in slightly more generality.
Theorem 2.14.
Recall the following theorem of Grauert-Riemenschneider in Kempf's version (see [12] , Theorem 4, and also [11] , Theorem 3.4).
Proposition 2.15. Let U be an algebraic variety, and ω U be the canonical line bundle. If there is a proper generically finite morphism U → X, where X is an affine variety, then
Proof. In accordance with 2.15, it suffices to find an affine variety X with a proper, generically finite map U → X. Let X ′ = (V ⊕ s) + ⊕ V λ ′ , and define π : U → X ′ by π(g, (x, y)) = (gx, gy) where
The map π is proper as we can factorize it as follows (note G/B is projective):
Let X = im(π); we claim X has the required property. Note that the map U → X generically has singleton fibres over a point (s, 0) ∈ X, with s ∈ V ⊕ s. Since it is also proper, its fibres are generically finite, as required.
Denote the natural projection
Proof. Since p U : U → G/B has fibre (V ⊕ s) + ⊕ C λ ′ , we have a short exact sequence of vector bundles on
Noting that, as B-modules, u has weights ǫ i − ǫ j for i < j, ǫ i + ǫ j , and 2ǫ i ; and (V ⊕ s) + has weights ǫ i − ǫ j for i < j, ǫ i + ǫ j , and ǫ i ; we can conclude that
Proof of Theorem. Using the above two Lemmas, we compute as follows (for i > 0):
Taking the n = 0 summand in the above gives the desired result.
Corollary 2.18. We have
Proof. First we calculate that ω N = O N (−ǫ 1 − · · · − ǫ n ) . Following the method used in the proof of Lemma 2.17, we have the short exact sequence:
Now note that the proof of Theorem 2.14 actually holds under the weaker assumption that λ ′ = λ + ǫ 1 + · · · + ǫ n is dominant; since λ = −ǫ 1 − · · · − ǫ n satisfies this hypothesis, the result follows.
Global sections of dominant line bundles on N.
In this section, we will use the results of the previous section to compute the global sections of dominant line bundles on N. Given a coherent sheaf E on G/B, since H i (G/B, E) acquires the structure of a G-module, we adopt a convenient abuse of notation whereby H i (G/B, E) denotes the corresponding element of K(Rep(G)); denote χ λ to be the image in K(Rep(G)) of the irreducible module with highest weight λ. We will also need the following notation.
Definition 2.19. Let p, p
′ : Λ → Z denote the Kostant partition function in types B and C respectively, defined as follows: 1
Denote ρ ∈ Λ + to be the half-sum of the positive roots. Also for µ ∈ Λ, denote conv(µ) to be the intersection of Λ with the convex hull of the set {wµ | w ∈ W } in Λ ⊗ Z R (here W denotes the Weyl group of G). Denote also conv 0 (λ) be the complement of {wλ|w ∈ W } in conv(λ).
Proof. Using Theorem 2.14 and the additivity of the Euler characteristic, we can compute that:
Above we have used the filtration of S((V ⊕ s) + * ) by 1-dimensional B-modules, where C * µ occurs with multiplicity p ′ (µ). We continue using Borel-Weil-Bott Theorem, which states i≥0 H i (G/B, L G/B (C * λ )) = sgn(w)χ w(λ+ρ)−ρ , where w ∈ W is the unique Weyl group element such that w(λ + ρ) − ρ ∈ Λ + ; this implies that i≥0 (−1)
. The result now follows:
Recall also the Weyl character formulae (see e.g. [14] ):
Proposition 2.21. For µ ∈ Λ + , let m λ µ denote the multiplicity of the weight λ in V µ . Then
Proof. From Definition 2.19, first note the following identity:
It is well-known that m + , it then follows that for the above quantity to be nonzero, λ ∈ conv(µ).
A quasi-exceptional set generating
3.1. Recollections. For the reader's convenience, in this section we give a summary of the results in Section 1 of [5] regarding quasi-exceptional sets and quasi-hereditary categories that will be relevant to us in the next section.
Let C be a triangulated category; for C 1 , C 2 ∈ C, denote Hom
). Given two sets S 1 , S 2 of objects in C, define S 1 ⋆ S 2 to be the set of objects X for which there is a distinguished triangle S 1 → X → S 2 → S 1 [1] ; the axioms of a triangulated category imply that this operation is associative. Given a set of objects S in C, define
is the smallest strictly full triangulated subcategory containing S. Definition 3.1. Let I be a totally ordered set. A dualizable quasi-exceptional set in C consists of a subset ∇ = {∇ i |i ∈ I}, and its dual △ = {△ i |i ∈ I}, satisfying the following properties:
, where C <i is the smallest strictly full triangulated subcategory containing the objects {∇ j |j < i}, and C/C <i is the Verdier quotient category.
Proof. See Proposition 1 in [4] .
We define a quasi-hereditary category in preparation for the next result, which shows that the heart of the above t-structure is quasi-hereditary.
Definition 3.3. An abelian category A has simple objects {S i } indexed by an I is quasi-hereditary if it satisfies the following properties:
• For each simple S i , there is an object A i with a non-zero morphism α : A i → S i , known as its "standard cover", such that:
Denote by τ ≥0 , τ ≤0 the truncation functors associated to the above t-structure. Let
be objects in the heart of the t-structure. 
is a standard cover of S i , and the inclusion S i → ∇ ′ i is a costandard hull for S i . Thus C ≥0 ∩ C ≤0 is a quasi-hereditary category.
Main Results.
Following the techniques in [5] , we may now prove analogous results about N by applying the results in Section 1. However, we will need to use the following twisted action of W on Λ instead of the usual one:
. Given S ⊂ Λ, denote by D S to be the smallest strictly full triangulated subcategory of D b (Coh G (N)) containing the objects ∇ λ for λ ∈ S.
Lemma 3.7 (Grothendieck-Serre Duality). The (equivariant) dualizing sheaf on N is isomorphic to ω N [2d] ; the functor S :
Proof. Since H i ( N, ω N ) = 0 for i > 0 using 2.18, the equivariant dualizing sheaf on N is isomorphic to
Recalling that by definition, S(F ) = RHom(F , DC), where DC is the equivariant dualizing sheaf; and that Grothendieck-Serre duality commutes with Rπ * since π is proper, the result follows.
Definition 3.8. For µ ∈ Λ, let conv(µ) denote the intersection of the convex hull of the set {w ·µ|w ∈ W } in Λ ⊗ Z R with Λ, and denote by conv 0 (µ) to be the complement of {w · µ|w ∈ W } in conv(µ).
Proof. Let α be a simple root for G (i.e. α ∈ {ǫ 1 − ǫ 2 , · · · , ǫ n−1 − ǫ n , 2ǫ n }); let α = α if α = 2ǫ n , and α = ǫ n if α = 2ǫ n . By induction on the length of the word w ∈ W , it suffices to prove that ∇ λ ≃ ∇ sα·λ (mod D conv 0 (λ) ), for λ satisfying λ,α = n > 0. Let P α be the minimal parabolic in G corresponding to the root α; denote by p α the projection G/B → G/P α . Since G is simply connected, we may choose
to be the G-equivariant vector bundle on G/B with a filtration whose subquotients are
Let (V ⊕ s) + α be the P α -submodule of (V ⊕ s) + obtained by taking the sum of all weight spaces excluding the weight space corresponding to α. Let N α = G × B (V ⊕ s) + α , and ι α : N α ֒→ N be the embedding of this divisor. Let π α :
+ α denote the projection, whose fibres are isomorphic to
is isomorphic to the sum of several copies of O P 1 (−1) when restricted to any fibre of π α . Thus we have:
Under the embedding of the divisor ι α , O( N α ) = O N (− α) (see Lemma 3.10 for a proof of this statement), giving us the exact sequence:
and taking direct image under π, we have:
Case 1: Suppose α = 2ǫ n . Then α = α, so:
Comparing, the required identity follows (note
. Case 2: Suppose α = 2ǫ n ; then α = ǫ n , so:
Replacing λ − ǫ n by λ, we get the result.
Proof. By definition, N is the total space of the vector bundle L G/B ((V ⊕ s) + ). Consider the pull-back (1) For λ ∈ Λ + , Hom(∇ λ , ∇ λ ) = C and Hom
Proof. (1) By Theorem 2.14, ∇ λ is concentrated in a single degree, so Hom <0 (∇ λ , ∇ λ ) = 0. Since N has an open, smooth G-orbit, and map φ : ∇ λ → ∇ λ is determined by its restriction to the open orbit, where it must be a scalar, it follows that Hom(∇ λ , ∇ λ ) = C. 
as an element of D(Vect C ). It follows now that: ); let D p,≥0 , D p,≤0 denote the negative and positive subcategories as defined above, and let P = D p,≥0 ∩ D p,≤0 denote the core of this t-structure. The goal of this section is to prove that the perverse coherent t-structure on D b (Coh G (N)) coincides with the t-structure arising from the quasi-exceptional set ∇.
Proposition 4.5. ∇ λ ∈ P for all λ ∈ Λ.
Proof. Using Lemma 3.7, S(∇ λ ) = ∇ −λ−ǫ 1 −···−ǫn , and the perverse coherent t-structure is self-dual with respect to Grothendieck-Serre duality, it suffices to prove just the first of two conditions defining the perverse coherent t-structure (here ι gen,µ,ν : (O µ,ν ) gen ֒→ N denotes the inclusion of the generic point of the orbit O µ,ν ): codim(O µ,ν ) = p(O µ,ν ) + d. Note also that from [16] , Chapter 3, Corollary 11.2, if f : X → Y is a projective morphism of Noetherian schemes, such that dim(f −1 (y)) ≤ r for all y ∈ Y , then for i > r, R i f * F = 0 for all F ∈ Coh(X). Since ι * gen,µ,ν is an exact functor, the required result follows. Proposition 4.6. The perverse coherent t-structure on D b (Coh G (N)) coincides with the quasi-exceptional t-structure corresponding to the set {∇ λ |λ ∈ Λ}.
Proof. Above we have proven that ∇ λ ∈ D p,≥0 , so it follows that
is generated by the objects ∇ λ [d], it follows that D q,≥0 ⊆ D p,≥0 . Since the above proof also gives us △ λ ∈ D p,≤0 , it follows that
. It now follows from the axioms of a t-structure that we have equality in the above inclusions, i.e. two t-structures coincide.
The irreducible objects in the heart P of the perverse coherent t-structure are parametrized by an irreducible G-equivariant vector bundle L on an orbit O µ,ν , with the corresponding perverse coherent sheaf being given by j ! * L[− ]. The bijection between costandard objects and irreducible objects in P gives a bijection between Λ and pairs (O µ,ν , V ) of an orbit and an irreducible representation of the isotropy group.
